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Ion temperature anisotropy is a common feature for (quasi-)perpendicular collisionless shocks. By using two-
dimensional full particle simulations, it is shown, that the ion temperature component perpendicular to the
shock magnetic field at the shock foot region is proportional to the square of the Alfve´n Mach number divided
by the plasma beta. This result is also explained by a simple analytical argument, in which the reflected ions
get energy from upstream plasma flow. By comparing our analytic and numerical results, it is also confirmed
that the fraction of the reflected ions hardly depends on the plasma beta and the Alfve´n Mach number when
the square of the Alfve´n Mach number divided by the plasma beta is larger than about 20.
In various kinds of solar-terrestrial, astrophysical and
laboratory plasmas, ubiquitous is the collisionless shock,
at which the upstream kinetic energy of the supersonic
plasma flow dissipates into downstream energy of thermal
ions and electrons, waves (turbulence), and nonthermal
particles.1,2 Despite various kinds of studies, detailed pro-
cesses of the shock dissipation remain to be clarified. For
example, we do not fully understand how energies are
partitioned between downstream thermal electrons and
ions, although the total pressure of them can be simply
predicted by the fluid Rankine-Hugoniot relation.
For supercritical (quasi-)perpendicular shocks, a frac-
tion of incoming ions can be specularly reflected to-
ward the upstream region but gyrates back to the shock
front.3–10 Such reflected-gyrating ions can gain energy
from the motional electric field of the upstream plasma
flow and contribute to the increase of the ion tempera-
ture component perpendicular to the local magnetic field.
Consequently, a large temperature anisotropy arises at
the shock foot, exciting waves through the ion temper-
ature anisotropy instability, which is responsible for the
shock ripples.11,12 Electron preheating at the foot also
takes place under some conditions.3,13,14 The ripple fur-
ther dissipates ions, increasing ion parallel temperature,
and even electron acceleration occurs.15 In the down-
stream region, the ion distribution is no longer non-
gyropropic and its structures are smoothed out by col-
lisionless gyrophase mixing, resulting in the downstream
ion heating.16–21 In order to understand such a multi-step
dissipation process across the shock front, it is impor-
tant to estimate the initial ion temperature component
perpendicular to the shock magnetic field at the foot re-
gion. In the present study, using the two-dimensional full
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particle simulation of low-Mach-number, perpendicular,
rippled and collisionless shocks, we study the ion perpen-
dicular temperature at the shock foot region. We show,
for the first time, that it is proportional to the square of
the Alfve´n Mach number divided by the plasma beta, or
the square of the sonic Mach number, which is consistent
with the analytical scaling relation.5
We perform two-dimensional (2D) simulations of per-
pendicular (θBn = 90
◦) collisionless shocks by using
a standard particle-in-cell code.22 As in our previous
works,15,23,24 the shock is excited by the “relaxation” be-
tween a supersonic and a subsonic plasma flows moving
in the same direction. The initial state consists of the two
regions separated by a discontinuity. Both regions have
spatially uniform distributions of electrons and ions with
different bulk flow velocities, temperatures, and densi-
ties, and they have uniform perpendicular magnetic field
with different strength. The simulation domain is taken
in the x-y plane and an in-plane shock magnetic field
(By0) is assumed. We apply a uniform external electric
field Ez0 = ux1By01/c (= ux2By02/c) in both upstream
and downstream regions, so that both electrons and ions
drift along the x axis. Here, ux is the bulk flow veloc-
ity, and subscripts “1” and “2” denote “upstream” and
“downstream”, respectively. At the left (right) bound-
ary of the simulation domain in the x direction, we in-
ject plasmas with the same quantities as those in the
initial upstream (downstream) region. We use absorbing
boundaries to suppress non-physical reflection of electro-
magnetic waves at both ends of the simulation domain
in the x direction,25 while the periodic boundaries are
imposed in the y direction.
In the present study, we present results of six simu-
lations runs (A, B, C, D, E and F) with different up-
stream conditions. We summarize in TABLE I the up-
stream plasma parameters, such as the bulk flow veloc-
ity ux1, the ratio of the electron plasma frequency to
the electron cyclotron frequency ωpe1/ωce1. For all runs,
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we fix ion-to-electron mass ratio mi/me = 256, and set
vte1/c = 0.1, where vte1 and c are the electron ther-
mal velocity upstream and the speed of light, respec-
tively. In the following, subscripts “i” and “e” represent
“ion” and “electron”, respectively. Then, we obtain the
plasma beta β1 = 2(vte1/c)
2(ωpe1/ωce1)
2, and ux1/VA1 =
(mi/me)
1/2(vte1/c)(ωpe1/ωce1)(ux1/vte1), where VA1 is
the upstream Alfve´n velocity, respectively. It is assumed
that the electrons and ions have the same plasma beta,
βe1 = βi1 = β1, and the same isotropic temperature,
Te1 = Ti1. Here, temperatures and thermal velocities
are related as Te1 = mev
2
te1 and Ti1 = miv
2
ti1. For
given upstream frequencies ωpe1 and ωce1, the initial up-
stream number density n1 ≡ meω
2
pe1/4pie
2 and the ini-
tial magnetic field strength By01 = meωce1/e are derived.
Then, the initial downstream parameters are determined
by solving the shock jump conditions (Rankine-Hugoniot
conditions) for a magnetized two-fluid isotropic plasma
consisting of electrons and ions,26 assuming Ti2/Te2 =
8.0.
The grid spacing and the time step of the present sim-
ulation runs are set to be ∆x = ∆y ≡ ∆ = λDe1 and
c∆t/∆ = 0.5, where λDe is the electron Debye length.
The total size of the simulation domain is 32li1 × 6li1,
where li1 = c/ωpi1 = (mi/me)
1/2(c/vte1)λDe1 is the ion
inertial length of the upstream plasma. We used 25 pairs
of electrons and ions per cell in the upstream region and
64 pairs of electrons and ions per cell in the downstream
region, respectively, at the initial state.
In the following, the ion temperature component per-
pendicular to the shock magnetic field is approximated
by the arithmetic mean of ion temperatures in x and
z directions, that is, Ti⊥ = (Tx + Tz)/2. In Fig. 1, we
show spatiotemporal evolution of By (left panel) and Ti⊥
(right panel) for Run D. Here both of them are averaged
over the y direction. The initial unphysical disturbance
disappears and the growth of the shock ripples ceases
until ωci1t = 7.0, after which the shock structure seems
to be in the quasi-steady state. Unlike one-dimensional
simulation, quasi-periodic reformation seems unclear, al-
though we can still see the front oscillation. Hence, in
the following, we analyze the data after ωci1t = 7.0 for
all runs.
As shown in FIG. 1, the shock front moves leftward
in our simulation frame. Using spatiotemporal diagram
of By, we measure the shock velocity vsh, and obtain
the Alfve´n Mach number, MA = (ux1 − vsh)/VA1, in the
shock-rest frame. The results for all six runs are shown
in TABLE I.
We extract the representative value of Ti⊥ in the tran-
sition layer for each run as follows. First, we make a
snapshot of Ti⊥ which is averaged over y direction, and
find its maximum value, Tmaxi⊥ , for each time step. As
shown in FIG. 2, one can find that Ti⊥ has a maximum
at the foot region. This fact is also true in arbitrary
epoch. The value of Tmaxi⊥ changes with time. Then, the
time mean of Tmaxi⊥ for 7 ≤ ωci1t ≤ 12 is obtained. For ex-
ample, we obtain the average value Tmaxi⊥ /Ti1 = 101 and
the maximum and minimum values are 123 and 86.5, re-
spectively. In the same way, the average, maximum, and
minimum values of Tmaxi⊥ are obtained for other runs. The
results are summarized in TABLE I. In FIG. 3, Tmaxi⊥ /Ti1
is shown as a function ofMA
2/β1. The simulation results
seem to lie on the line, Tmaxi⊥ /Ti1 ≈ 0.5×MA
2/β1.
In the following, we derive a simple analytical for-
mula to have the ion perpendicular temperature at the
shock foot. Although similar formulae have been already
derived,5–7 our final equation, Eq. (11), is in an excellent
agreement with our simulation results. In our simulation
frame, shock front moves at a velocity vsh, and upstream
and downstream bulk velocities are typically ux1 and ux2,
respectively. The incoming ions are adiabatically heated
at the shock foot. They have the perpendicular temper-
ature, [Cγ−1/(γ − 1)]miv
2
ti1, where C ∼ (ni,f/ni1) is a
compression factor, and γ and ni,f are the adiabatic in-
dex (γ = 2 in our case) and the typical value of the den-
sity at the foot, respectively. Since they are also deceler-
ated and due to the mass flux conservation, their bulk ve-
locity becomes u(in) ≈ v
′
sh/C measured in the rest frame
of the shock front, where v′sh = ux1 − vsh = MAVA1.
Next, a part of them are reflected. The bulk velocity of
the reflected ions is u(ref) ≈ −v
′
sh/C in the shock rest
frame.4 Hence, we have the velocity difference between
the incoming and the reflected ions,
∆u ≈ u(in) − u(ref) ≈
2v′sh
C
, (1)
at the shock foot. A large fraction of energy (per ion),
(mi/2)|∆u|
2, is consumed for increasing the ion perpen-
dicular temperature.
Here, we consider a simple analytical model to estimate
Ti⊥ at the foot region. The ion distribution function
there is written as
ftot(vx) = f(in)(vx) + f(ref)(vx) , (2)
where the first and the second terms in r.h.s. describe
the incoming and reflected components, respectively, and
they have the number density N(k), bulk velocity u(k),
and temperature T(k) as
N(k) =
∫
f(k)dvx , (3)
u(k) =
1
N(k)
∫
vxf(k)dvx , (4)
T(k) =
mi
N(k)
∫
(vx − u(k))
2f(k)dvx , (5)
respectively. A subscript (k) = (in), (ref) denotes each
component. Then, it is natural to approximate Ti⊥ as
Ti⊥ ≈ Tx =
mi
Ntot
∫
(vx − u¯)
2ftotdvx , (6)
where Ntot and u¯ are given by
Ntot =
∫
ftotdvx = N(in) +N(ref) , (7)
u¯ =
1
Ntot
∫
vxftotdvx , (8)
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respectively. When we introduce the fraction of the re-
flected ions as r = N(ref)/Ntot, then we get
Ti⊥ = T(in) + r(T(ref) − T(in))
+mi[(1 − r)u
2
(in) + ru
2
(ref) − u¯
2] , (9)
and u¯ = (1− r)u(in) + ru(ref). Assuming T(in) = T(ref) as
in one of our previous simulation study27 and eliminating
u¯, we can rewrite Eq. (9) as
Ti⊥ = T(in) + r(1 − r)mi(u(in) − u(ref))
2 . (10)
Using Eq. (1) together with T(in) = CTi1 and
miv
′
sh
2/Ti1 = 2MA
2/β1, we finally obtain
Ti⊥
Ti1
= C +
8r(1 − r)
C2
MA
2
β1
. (11)
The first term in r.h.s of Eq. (11) is important for the case
of lowMA
2/β1 only. The compression factor C is slightly
larger than unity for such shocks. For large MA
2/β1,
the second term dominates r.h.s of Eq. (11), so that we
can explain our numerical result, Tmaxi⊥ /Ti1 ∝ MA
2/β1,
shown in FIG. 3, if the factor 8r(1 − r)/C2 in Eq. (11)
hardly depends onMA
2/β1. The fraction of the reflected
ions is typically r ≈ 0.3 and varies from 0.2 to 0.4 during
non-stationary processes at the shock front. On the other
hand, the value of C is less variable and ranges between
1.0 and 1.1. Then, one can see 8r(1 − r)/C2 = 1.1 −
1.9. This is a factor of a few larger than estimated from
FIG. 3. Indeed, our analytical formula, Eq. (11), gives
the upper bound of Ti⊥, because the free energymi(∆u)
2
goes not only to Ti⊥ but also to the thermal energy of
reflected ions and waves excited in the shock transition
layer.28 In practice, one can see that Ti⊥ becomes larger
if T(ref) > T(in) [see Eq. (9)]. Note that the fraction of
the reflected ions, r, estimated in the previous analytical
works4,8,29 is slightly smaller than that obtained from our
simulations.
In the present study, we focus on Ti⊥ only. On the
other hand, the parallel component of ion temperature
(Ti‖ ≈ Ty) is much smaller at the foot region. There-
fore, the total ion temperature, Ti = (Tx + Ty + Tz)/3 =
(2Ti⊥ + Ti‖)/3, is approximated as Ti ≈ (2/3)Ti⊥.
Using two-dimensional full particle simulations, we
have shown that the ion perpendicular temperature
at the foot of the supercritical perpendicular collision-
less shocks is proportional to MA
2/β1, or the square
of the sonic Mach number. This fact will give us a
simple estimate of the energy partition between down-
stream thermal ions and electrons, although further
study is necessary. The ion heating at the foot re-
gion of (quasi-)perpendicular shocks has been exten-
sively investigated by many authors, using mainly space-
craft observations,5,9 (semi-)analytical studies,4,5 and
one-dimensional hybrid simulations.7 In this paper, we
have extended such studies by using two-dimensional full
particle simulations which can better capture various ki-
netic effects including wave excitations and plasma heat-
ing in the direction tangential to the shock front. More
specifically, we have demonstrated in this paper that our
analytical scaling relation Eq. (11) is in excellent agree-
ment with two-dimensional full particle simulations of
rippled shocks. This result also indicates that the depen-
dence of fraction of ion reflection on the plasma beta and
the Alfv’en Mach number is small when M2A/β is larger
than about 20, which is consistent with our simulation
results.
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TABLE I. Upstream parameters and simulation results.
Run Upstream parameters Results
ux1/vte1 ωpe1/ωce1 β1 ux1/VA1 MA MA
2/β1 〈T
max
i⊥ 〉/Ti1 T
max
i⊥ /Ti1
A 1.875 2 0.08 6 5.2 334 183 160–205
B 0.9375 4 0.32 6 6.5 132 63.9 53.9–75.4
C 0.46875 8 1.28 6 6.1 28.6 14.9 13.4–17.1
D 1.25 2 0.08 4 4.6 265 101 86.5–123
E 0.625 4 0.32 4 4.7 70.5 30.0 26.2–35.5
F 0.3125 8 1.28 4 3.9 12.5 5.01 4.80–5.20
FIG. 1. Spatiotemporal diagram of the y-component of the
magnetic field By and ion perpendicular temperature Ti⊥ for
Run D. Both By and Ti⊥ are averaged over y direction. Initial
unphysical discontinuity is located at x = 16li1.
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FIG. 2. Spatial profile of ion perpendicular temperature
averaged over y direction, Ti⊥ (thick solid curve) and the y-
component of the magnetic field averaged over y direction, By
(dotted curve) at ωci1t = 9.96 of Run D.
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FIG. 3. Ion perpendicular temperature Tmaxi⊥ as a func-
tion of MA
2/β1. Triangles represent 〈T
max
i⊥ 〉/Ti1, while error
bars indicate the maximum and minimum values of Tmaxi⊥ /Ti1,
which are given in TABLE I. All the values are obtained for
7 < ωci1t < 12. Dotted line represents best-fitted linear rela-
tion, Tmaxi⊥ /Ti1 = 0.48 ×MA
2/β1.
